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New classes of quadratic bent functions in
polynomial forms∗
Baofeng Wu†, Jia Zheng‡Zhuojun Liu§
Abstract
In this paper, we propose a new construction of quadratic bent
functions in polynomial forms. Right Euclid algorithm in skew-polynomial
rings over finite fields of characteristic 2 is applied in the proof.
Keywords Quadratic bent function; Linearized polynomial; Skew-
polynomial; Right Euclid algorithm.
1 Introduction
Let F2n be the finite field with 2
n elements, where n is a positive integer. Any
function from F2n to F2 is called an n-variable Boolean function. Denote by
Bn the set of all n-variable Boolean functions. When n is even, an element of
Bn whose Walsh transform has a constant magnitude is called a bent func-
tions [12]. Bent functions are of interest in various aspects [1]. In cryptog-
raphy, they are Boolean functions attaining maximal nonlinearity, which is
an important criteria of Boolean functions used in designing such key stream
generators as filter generator and combiner generator in stream ciphers. In
the coding context, they are deep holes of the first order Reed-Muller code.
In combinatorics, they are related to difference sets in elementary Abelian
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2-groups and Hadamard matrices. Therefore, bent functions have attracted
a lot of attention due to their relations with important topics in information
science and mathematics.
Among all bent functions, quadratic bent functions have been paid special
attentions since on the one hand, they are relatively easy to study based on
theory of quadratic forms over finite fields [8], and on the other hand, they
can be used as primitives in constructing bent functions of high degrees
by the concatenation technique [14]. As every Boolean function admits a
polynomial representation of the form
f(x) =
s∑
i=1
Trni1 (βix
ri) ,
where βi ∈ F2ni and Tr
ni
1 (·) is the trace function from F2ni to F2, 1 ≤ i ≤ s,
constructing quadratic bent functions in polynomial forms have been exten-
sively considered. The simplest example is the Gold function of the form
f(x) = Trn1 (ax
1+2k), a ∈ F2n ,
which originated from Gold’s work on binary sequences with low crosscor-
relations [4]. Based on techniques introduced in [6, 2], Ma et al. generally
studied the quadratic Boolean function
f(x) =
n
2
−1∑
i=1
ciTr
n
1
(
x1+2
i
)
+ Tr
n
2
1
(
x1+2
n
2
)
, ci ∈ F2, 1 ≤ i ≤
n
2
− 1. (1)
They showed that f(x) is bent if and only if gcd(c(x), xn + 1) = 1, where
c(x) =
n
2
−1∑
i=1
ci
(
xi + xn−i
)
+ x
n
2 [9].
Afterwards, their construction was generalized by Hu and Feng and functions
of the form
f(x) =
m
2
−1∑
i=1
ciTr
n
1
(
βx1+2
ei
)
+ cm
2
Tr
n
2
1
(
βx1+2
n
2
)
, ci ∈ F2, 1 ≤ i ≤
m
2
, (2)
where e | n such that m = n
e
is even and β ∈ F∗2e , were considered [5]. The
condition under which f(x) is bent is cm
2
= 1 and gcd(c(x), xn + 1) = 1,
2
where
c(x) =
m
2
−1∑
i=1
ci
(
xi + xm−i
)
+ x
m
2 .
Examples of such c(x) can also be explicitly constructed (see [5, Theorem 4, 5,
6]). Very recently, Li et al. derived new classes of quadratic bent functions in
polynomial forms from Z4-valued generalized bent functions they constructed
[7]. For example, they proved that
f(x) = p(x) +
t∑
i=1
Trn1
(
x1+2
ki
)
(3)
is bent if and only if gcd(n, (2t+ 1)k) = gcd(n, k), where
p(x) =
n
2
−1∑
i=1
Trn1
(
x1+2
i
)
+ Tr
n
2
1
(
x1+2
n
2
)
.
It is easy to see that all the known quadratic bent functions mentioned
above are all homogeneous functions. In fact, it is enough to consider homo-
geneous quadratic Boolean functions when talking about bentness of them
since bentness of Boolean functions is not changed by affine terms added to
them [1]. An n-variable homogeneous quadratic Boolean function is just an
n-variable quadratic form over F2, which is bent if and only if it is of full
rank n [5]. By the rank of a quadratic form, we mean the codimension of the
radical of the symmetric bilinear form associated to it. When the quadratic
Boolean function is represented in polynomial form, bentness of it can be fur-
ther characterized by permutation behavior of certain linearized polynomials
over F2n .
A linearized polynomial over F2n is a polynomial of the form
L(x) =
t∑
i=0
aix
2i .
This special class of polynomials over finite fields are of great importance
in both theory and application. It is easy to verify that the set of all lin-
earized polynomials over F2n , L (F2n), forms a ring under the operations of
component-wise addition and composition of polynomials, which is isomor-
phic to the skew-polynomial ring F2n [x; σ] where σ is the Frobenius automor-
phism of F2n over F2 [11]. Therefore, L (F2n) is a right Euclidean domain
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according to Ore’s theory on non-commutative polynomials [10]. As a result,
a linearized polynomial L(x) =
∑n−1
i=0 aix
2i over F2n is a permutation poly-
nomial, i.e. a polynomial that can induce a bijective map from F2n to itself,
if and only if
gcrd(L(x), x2
n
+ x) = 1,
where “gcrd” of two linearized polynomials represents their greatest right
common divisor. This is also equivalent to
gcrd(l(x), xn + x) = 1,
where l(x) =
∑n−1
i=0 aix
i is called the associate skew-polynomial of L(x).
When L(x), and therefore l(x), is over F2, gcrd(l(x), x
n+1) = gcd(l(x), xn+
1). That is to say, L(x) is a permutation polynomial if and only if its associate
polynomial and (xn+1) are coprime (when L(x) is over F2, its associate skew-
polynomial is called its associate polynomial for short).
Recalling the constructions of quadratic bent functions in polynomial
forms obtained in [9, 5, 7] of the forms (1), (2) and (3), we are clear that the
conditions for them to be bent are reduced to that certain linearized polyno-
mials over F2 are permutation polynomials according to the above discussions
on bentness of quadratic Boolean functions and permutation behavior of lin-
earized polynomials. However, there seem to be no construction of quadratic
bent functions whose bentness can be characterized by permutation behavior
of certain linearized polynomials over extension fields of F2, except the Gold
function, up to present. Thus it is an interesting problem to seek for such
“non-trivial” constructions.
In this paper, we devote to the above problem and propose a “non-trivial”
construction of quadratic bent functions in polynomial forms. In proving
bentness of them, we will face the difficulty of validating that certain lin-
earized polynomial with coefficients in F2n\F2 is a permutation polynomial,
which can be overcome by computing “gcrd” of its associate skew-polynomial
and (xn + 1) applying the right Euclid algorithm in F2n [x; σ].
The rest of the paper is organized as follows. In Section 2, we recall
some necessary backgrounds on bent functions, quadratic forms over finite
fields and algorithms in skew-polynomial rings. In Section 3, we talk about
a class of linearized permutation polynomials over F2n , which will be of key
importance in proving bentness of quadratic Boolean functions in polynomial
forms proposed in Section 4. Concluding remarks are given in Section 5.
4
2 Preliminaries
2.1 Bent and quadratic bent functions
Let f ∈ Bn. By Lagrange interpolation, f can be represented by a univariate
polynomial over F2n of the form
f(x) =
2n−1∑
i=0
fix
i. (4)
Since f(x) ∈ F2 for any x ∈ F2n , it is easy to deduce that the coefficients of
f(x) satisfy f 2i = f2i mod (2n−1) for 1 ≤ i ≤ 2
n−2 and f0, f2n−1 ∈ F2. Due to
this fact, there exist βi ∈ F2ni , 1 ≤ i ≤ s, such that f(x) can be written as
f(x) =
s∑
i=1
Trni1 (βix
ri)
where ri is coset leader of the cyclotomic coset Ci modulo (2
n − 1) and ni is
its size, 1 ≤ i ≤ s (s is the number of cyclotomic cosets modulo (2n − 1)).
Representations of this kind are called the polynomial representations, or
trace representations by some authors, of Boolean functions.
For any a ∈ F2n , the Walsh transform of f(x) at a is defined as
fˆ(a) =
∑
x∈F2n
(−1)f(x)+Tr
n
1 (ax).
If |fˆ(a)| is a constant for any a ∈ F2n, f is known as a bent function. Actually,
this happens only when n is even, and the corresponding constant is 2
n
2 by
Parseval’s identity [1]. Bent functions are extensively studied due to their
applicable value in cryptography, algebraic coding and sequence design.
The degree of the Boolean function f is defined to be max{wt(i) | fi 6= 0}
if it is represented in the form (4), where ‘wt(·) denotes the number of 1’s
in the binary expansion of an integer. Assume f(x) is a quadratic Boolean
function, i.e. a Boolean function of degree 2. The bilinear form
Bf(x, y) = f(x+ y) + f(x) + f(y)
is called the associate bilinear form of f(x). The rank of f(x) is defined as
rank(f) = n− dimF2 rad(Bf ), where
rad(Bf) = {x ∈ F2n | Bf (x, y) = 0 for any y ∈ F2n}
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is the radical of the bilinear form Bf . Concerning bentness of quadratic
Boolean functions, we have the following result.
Theorem 2.1 (see [5]). Let n be even. A quadratic Boolean function f is
bent if and only if rank(f) = n.
2.2 Linearized polynomials and skew-polynomials
Let L(x) =
∑n−1
i=0 aix
2i ∈ F2n[x]. It is clear that L(x) can induce a linear
transformation of F2n over F2, hence L(x) is always known as a linearized
polynomial. Therefore, L(x) is a permutation polynomial, i.e. L(x) can
induce an invertible linear transformation of F2n over F2, if and only if L(x) =
0 only has a solution 0, which leads to a well-known criteria of Dickson
indicating that L(x) is a permutation polynomial if and only if the matrix
DL =


a0 a1 . . . an−1
a2n−1 a
2
0 . . . a
2
n−2
...
...
...
a2
n−1
1 a
2n−1
2 . . . a
2n−1
0


is non-singular, i.e. detDL 6= 0 [8]. Very recently, more relations between
properties of L(x) and DL (called the associate Dickson matrix of L(x)) are
found by the first and the third of the authors [13].
The permutation behavior of L(x) can also be characterized by properties
of its associate skew-polynomial in F2n [x; σ], namely, the skew-polynomial
ring over F2n with automorphism σ. F2n [x; σ] is a special example of the
non-commutative polynomial rings studied by Ore [10]. In fact, elements of
F2n [x; σ] are usual polynomials over F2n and additions of them is defined as
usual, but the multiplication operation is defined in a new manner: for any
a, b ∈ F2n and i, j ≥ 0, (ax
i)× (bxj) is defined as
(axi)× (bxj) = aσi(b)xi+j = ab2
i
xi+j .
F2n [x; σ] is obviously a non-commutative ring. According to results in [10],
a right division algorithm is available for skew-polynomials in it. That is to
say, for any f(x), g(x) ∈ F2n [x; σ], there exist Q(x) and R(x) such that
f(x) = Q(x)× g(x) +R(x)
6
and R(x) = 0 or degR < deg g (the degree of any skew-polynomial is defined
to be its degree as a usual polynomial). More precisely, for f(x) =
∑r
i=0 fix
i
and g(x) =
∑s
i=0 gix
i with r ≥ s, Q(x) and R(x) can be computed by the
following algorithm [3]:
Algorithm 1: RightDivision
Input: f(x) =
∑r
i=0 fix
i, g(x) =
∑s
i=0 gix
i ∈ F2n [x; σ], r ≥ s
Output: Q, R ∈ F2n [x; σ] such that f = Q× g +R with R = 0 or
degR < deg g
1 f (r) = f ;
2 for r − s ≥ i ≥ 0 do
3 h(i) =
(
f¯i
/
g2
i−s
s
)
xi−s (f¯i is the coefficient of x
i in f (i));
4 f (i−1) = f (i) − h(i) × g;
5 Q =
∑r
i=s h
(i), R = f (r−1);
6 return Q, R;
We also denote by Rrem(f, g) the skew-polynomial R output by Algorithm
1 under inputs f and g.
From the existence of right division algorithm in F2n[x; σ] follows the
existence of a right Euclid scheme, which implies the existence of great-
est common right divisors of skew-polynomials. For f, g ∈ F2n [x; σ], their
greatest common right divisor, denoted gcrd(f, g), is defined to be the skew-
polynomial w of highest possible degree such that f = u× w and g = v ×w
for some u, v ∈ F2n [x; σ]. Algorithm to compute gcrd(f, g) is as follows [3]:
Algorithm 2: RightEuclid
Input: f , g ∈ F2n [x; σ], deg f = r ≥ s = deg g
Output: gcrd(f, g)
1 f1 = f , f2 = g;
2 i = 3;
3 while fi 6= 0 do
4 fi = Rrem(fi−2, fi−1);
5 i = i+ 1;
6 return fi−1;
Complexity of Algorithm 1 and 2 can be found in [3].
Now for the linearized polynomial L(x) =
∑n−1
i=0 aix
2i ∈ F2n [x], we denote
by l(x) its associate skew-polynomial in F2n [x; σ], i.e. l(x) =
∑n−1
i=0 aix
i. The
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following result is easy to obtain.
Lemma 2.2 (see [13]). L(x) is a linearized permutation polynomial if and
only if gcrd(l(x), xn + 1) = 1.
According to Lemma 2.2, we can study permutation behavior of linearized
polynomials over F2n by computing greatest common right divisors of their
associate skew-polynomials and (xn+1) applying Algorithm 2, which is easier
than computing determinants of their associate Dickson matrices sometimes.
3 A class of linearized permutation polyno-
mials
In this section, we propose a class of linearized permutation polynomials over
F2n for an even n. The proof is based on Lemma 2.2 and Algorithm 2.
Let a ∈ F2n with a
2n−1
3 6= 1. For 0 ≤ i ≤ n
2
− 1, we have 3 | 2n− 22i+1 − 2
since 3 | 2n − 1 and 3 | 22i+1 + 1. Set
P (x) =
n
2
−1∑
i=0
a
2n−22i+1−2
3 x2
2i+1
.
P (x) is obviously a linearized polynomial.
Theorem 3.1. P (x) is a linearized permutation polynomial over F2n.
Proof. Let p(x) ∈ F2n [x; σ] be the associate skew-polynomial of P (x), i.e.
p(x) =
n
2
−1∑
i=0
a
2n−22i+1−2
3 x2i+1 = a
2n−1
3
n
2
−1∑
i=0
a−
22i+1+1
3 x2i+1.
We proceed by directly proving gcrd(p(x), xn + 1) = 1, which is equivalent
to gcrd(p1(x), x
n + 1) = 1 for
p1(x) =
n
2
−1∑
i=0
a−
22i+1+1
3 x2i+1,
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then the result follows from Lemma 2.2. To compute gcrd(p1(x), x
n + 1), we
apply Algorithm 2. Since deg p1 = n− 1 and the coefficient of x
n−1 in p1(x)
is a−
2n−1+1
3 , we get
xn + 1 = a
2n+2
3 x× p1(x) + a
2n+2
3
n
2
−1∑
i=1
a−
22i+2
3 x2i + 1
applying Algorithm 1 as 1
/(
a−
2n−1+1
3
)2
= a
2n+2
3 and for 0 ≤ i ≤ n
2
− 2,
a
2n+2
3
(
a−
22i+1+1
3
)2
= a
2n+2
3 a−
22(i+1)+2
3 .
Afterwards, since
a−
2n−1+1
3(
a
2n+2
3 a−
2n−2+2
3
)2 = a−(2
n−1+1)−2(2n+2)+2(2n−2+2)
3 = a−
2n+1+1
3 = a
2n−4
3
and for 1 ≤ i ≤ n
2
− 2,
a
2n−4
3
(
a
2n+2
3 a−
22i+2
3
)2
= a
2n−4+2(2n+2)−2(22i+2)
3 = a−
22i+1+1
3 ,
we get
p1(x) = a
2n−4
3 x×

a 2n+23
n
2
−1∑
i=1
a−
22i+2
3 x2i + 1

+ (a−1 + a 2n−43 )x
applying Algorithm 1 again. Now we are clear that
gcrd(p1(x), x
n +1) = gcrd

a 2n+23
n
2
−1∑
i=1
a−
22i+2
3 x2i + 1,
(
a−1 + a
2n−4
3
)
x

 = 1
because
a−1 + a
2n−4
3 = a−1
(
1 + a
2n−1
3
)
6= 0
as a
2n−1
3 6= 1. 
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Generally, to prove a linearized polynomial is a permutation polynomial,
the most direct method is to compute determinant of its associate Dickson
matrix. For the linearized polynomial discussed in this section, the Dickson
matrix associated to it is
DP =


0 a
2n−4
3 0 a
2n−23−2
3 · · · 0 a
2n−1−2
3
a
2n−4
3 0 a
2n+1−8
3 0 · · · a
2n+1−2n−2−4
3 0
...
...
...
...
...
...
0 a
2n+1−2n−2−4
3 0 a
2n+1−2n−2−10
3 · · · 0 a
2n−2−1
3
a
2n−1−2
3 0 a
2n−1−5
3 0 · · · a
2n−2−1
3 0


,
which is an alternative matrix over F2n . However, it is not a simple matter
to compute determinant of DP .
4 Construction of quadratic bent functions in
polynomial forms
We use notations and assumptions the same as those in Section 3. When
n ≡ 2 mod 4, the following result is straightforward.
Lemma 4.1. Let n ≡ 2 mod 4. Then there exists c ∈ F2n such that c+c
2
n
2 =
a
2n−2
n
2 −2
3 .
Proof. Note that
(
a
2n−2
n
2 −2
3
)2n2
= a
2n−1
3
2
n
2
a−
2
n
2 +1
3
2
n
2 = a
2n−1
3
2a−
2n+2
n
2
3 = a
2n−2
n
2 −2
3
since 2
n
2 ≡ 2 mod 3. This implies that a
2n−2
n
2 −2
3 ∈ F
2
n
2
. Hence there exists
c ∈ F2n such that
c+ c2
n
2 = Trnn
2
(c) = a
2n−2
n
2 −2
3
as the trace map from F2n to F2
n
2
is surjective. 
Now we propose our construction of quadratic Boolean functions.
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Construction 4.2. Let n be even and a ∈ F2n with a
2n−1
3 6= 1. Choose any
subset I of T and set J = n− (T\I) = {n− i | i ∈ T\I}, S = I ∪ J , where
T =
{
{2i+ 1 | 0 ≤ i ≤ n
4
− 1} if n ≡ 0 mod 4
{2i+ 1 | 0 ≤ i ≤ n−6
4
} if n ≡ 2 mod 4.
Construct
f(x) =


∑
i∈S
Trn1
(
a
2n−22i+1−2
3 x1+2
2i+1
)
if n ≡ 0 mod 4
∑
i∈S
Trn1
(
a
2n−22i+1−2
3 x1+2
2i+1
)
+ Tr
n
2
1
(
a
2n−2
n
2 −2
3 x1+2
n
2
)
if n ≡ 2 mod 4.
Then f(x) is obviously a quadratic Boolean function.
Theorem 4.3. Let f(x) be the quadratic Boolean function defined in Con-
struction 4.2. Then f(x) is a bent function.
Proof. We proceed by directly showing rank(f) = n, then the result follows
from Theorem 2.1.
When n ≡ 0 mod 4, we have
Bf(x, y) = f(x+ y) + f(x) + f(y)
=
∑
i∈S
Trn1
(
a
2n−22i+1−2
3
(
x1+2
2i+1
+ y1+2
2i+1
+ xy2
2i+1
+ x2
2i+1
y
))
+
∑
i∈S
Trn1
(
a
2n−22i+1−2
3 x1+2
2i+1
)
+
∑
i∈S
Trn1
(
a
2n−22i+1−2
3 y1+2
2i+1
)
=
∑
i∈S
Trn1
(
a
2n−22i+1−2
3
(
xy2
2i+1
+ x2
2i+1
y
))
=
∑
i∈S
[
Trn1
(
a
2n−22i+1−2
3
2n−(2i+1)x2
n−(2i+1)
y
)
+ Trn1
(
a
2n−22i+1−2
3 x2
2i+1
y
)]
=
∑
i∈S
Trn1
((
a
2n−2n−(2i+1)−2
3 x2
n−(2i+1)
+ a
2n−22i+1−2
3 x2
2i+1
)
y
)
since
a
2n−22i+1−2
3
2n−(2i+1) = a
2n−1
3
2n−(2i+1)a−
22i+1+1
3
2n−(2i+1)
= a
2n−1
3
2a−
2n+2n−(2i+1)
3
11
= a
2n−2n−(2i+1)−2
3 .
From the definition of the set S, it is clear that
S ∪ (n− S) = {2i+ 1 | 0 ≤ i ≤
n
2
− 1}
where n− S = {n− i | i ∈ S}. Thus
Bf(x, y) =
n
2
−1∑
i=0
Trn1
(
a
2n−22i+1−2
3 x2
2i+1
y
)
= Trn1


n
2
−1∑
i=0
a
2n−22i+1−2
3 x2
2i+1
y


= Trn1 (P (x)y) ,
where P (x) is the linearized polynomial defined in Section 3.
When n ≡ 2 mod 4, there exists c ∈ F2n such that c + c
2
n
2 = a
2n−2
n
2 −2
3
by Lemma 4.1, so
Trn1
(
cx1+2
n
2
)
= Tr
n
2
1
(
cx1+2
n
2 + c2
n
2
x2
n
2 +2n
)
= Tr
n
2
1
((
c+ c2
n
2
)
x1+2
n
2
)
= Tr
n
2
1
(
a
2n−2
n
2 −2
3 x1+2
n
2
)
.
Then we have
Bf(x, y) = f(x+ y) + f(x) + f(y)
=
∑
i∈S
Trn1
(
a
2n−22i+1−2
3
(
x1+2
2i+1
+ y1+2
2i+1
+ xy2
2i+1
+ x2
2i+1
y
))
+
∑
i∈S
Trn1
(
a
2n−22i+1−2
3 x1+2
2i+1
)
+
∑
i∈S
Trn1
(
a
2n−22i+1−2
3 y1+2
2i+1
)
+Trn1
(
c
(
x1+2
n
2 + y1+2
n
2 + xy2
n
2 + x2
n
2
y
))
+Trn1
(
cx1+2
n
2
)
+ Trn1
(
cy1+2
n
2
)
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=
∑
i∈S
Trn1
(
a
2n−22i+1−2
3
(
xy2
2i+1
+ x2
2i+1
y
))
+ Trn1
(
c
(
xy2
n
2 + x2
n
2
y
))
=
∑
i∈S
Trn1
((
a
2n−2n−(2i+1)−2
3 x2
n−(2i+1)
+ a
2n−22i+1−2
3 x2
2i+1
)
y
)
+Trn1
((
c2
n
2
x2
n
2 + cx2
n
2
)
y
)
=
∑
i∈S
Trn1
((
a
2n−2n−(2i+1)−2
3 x2
n−(2i+1)
+ a
2n−22i+1−2
3 x2
2i+1
)
y
)
+Trn1
(
a
2n−2
n
2 −2
3 x2
n
2
y
)
.
From the definition of the set S in this case, we have
S ∪ (n− S) = {2i+ 1 | 0 ≤ i ≤
n
2
− 1}\{
n
2
}.
Thus
Bf(x, y) =
n
2
−1∑
i=0
i6=n−24
Trn1
(
a
2n−22i+1−2
3 x2
2i+1
y
)
+ Trn1
(
a
2n−2
n
2 −2
3 x2
n
2
y
)
= Trn1


n
2
−1∑
i=0
a
2n−22i+1−2
3 x2
2i+1
y


= Trn1 (P (x)y) .
Therefore, in either the case n ≡ 0 mod 4 or the case n ≡ 2 mod 4,
rad(Bf ) = {x ∈ F2n | P (x) = 0}.
By Theorem 3.1, P (x) is a linearized permutation polynomial, thus rad(Bf ) =
{0}, which implies that rank(f) = n. 
5 Concluding remarks
In this paper, we propose a new construction of quadratic bent functions in
polynomial forms. Our construction is different from all the known ones when
13
n ≥ 6. To the best of the authors’ knowledge, this is the first construction
bentness of functions belonging to which are based on a class of linearized
permutation polynomials with coefficients in F2n\F2, since the Gold functions
were introduced. We finally remark that Construction 4.2 promises many
classes of quadratic bent functions in polynomial forms as a matter of fact,
because the subset I can have 2
n
4 or 2
n−2
4 different choices according as n ≡ 0
mod 4 or n ≡ 2 mod 4, respectively.
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